A sixth order quadrupole boson Hamiltonian is treated through a time dependent variational principle approach choosing as trial function a coherent state with respect to zeroth b † 0 and second
I. INTRODUCTION
Description of spectroscopic properties for a many body nuclear system is one of the most interesting aims of theoretical nuclear studies. Some of such properties are obtainable by using only few degrees of freedom. Thus the liquid drop model [1] tries to describe the basic quadrupole collective properties by using a harmonic liquid drop whose surface vibrates with small amplitudes around an equilibrium spherical shape. Few years later another two solvable simple formalisms have been launched namely the Jean-Wilets model for gamma unstable nuclei [2] and the Davydov Filippov (DV) model of triaxial rigid rotor [3] . Although these models are not able to describe the complex details of nuclear spectra they have the big merit to define the framework and to place reference landmarks in the field. Indeed, many of the improvements proposed interpret their results by considering the departure from the reference picture provided by the simple models mentioned before. Thus, the first phenomenological model which goes beyond both the liquid drop and DF models is the vibration rotation model [4] where the drop surface may oscillate around a static deformed shape. The anharmonic terms in the quadrupole shape coordinates are added to the liquid drop for the first time by Greiner and Gneuss [5] . This anharmonic model was extensively used to describe various types of spectra , gamma unstable, gamma stable, triaxial shapes in several publications [6] . The drawback of this model is the large number of parameters involved although they depend smoothly on the atomic mass number. A much smaller number of parameters is used by the coherent state model (CSM) [7] which treats three interacting rotational bands within a restricted collective space defined through angular momentum projection technique, from three deformed states: one of them is describing the deformed ground state and is of an axial symmetric coherent function and the other two are simple polynomial excitations of the ground state determined by requiring the three states to be mutually orthogonal. CSM exploits the semi-classical features of coherent states which results in obtaining a suitable description for states of high angular momentum. It also provides a unified description of near vibrational, transitional and of well deformed nuclei. Another interesting phenomenological model is the interacting boson approximation which uses besides the quadrupole bosons a monopole one [8] . The model Hamiltonian is conserving the total number of bosons which as a matter of fact is limited to half the number of valence nucleons from the nucleus under consideration. By construction, the Hamiltonian accounts for one of the symmetries O(6), SU (5) and SU (3) . Consequently, the nuclear states are just the irreducible representations for these extreme symmetries. However, to describe nuclei departing from these symmetries additional terms are to be added which blurs the primary beauty of the model.
The phenomenological descriptions involving anharmonic boson Hamiltonians make use either of approximate methods or of diagonalization procedures to get the desired eigenvalues. In the latter case the procedure is difficult to be applied when we are close to the picture where the results are very slowly convergent against increasing the basis dimension.
On the other hand, when an approximate approach is used one does not know how reliable it is . In other words, we don't know how far the obtained result is from the exact one.
The same difficulties are encountered also in microscopic formalisms. The microscopic theories interpret the experimental data in terms of single particle motion. Thus, the collective motion is defined in terms of individual degrees of freedom. The random phase approximation (RPA) or boson expansions are defining boson operators in terms of bifermionic operators and then the Hamiltonian and transition operators are written as series of the RPA bosons [9, 10, 11] . The convergence properties of the boson series and the magnitude of the ignored "rest", when a truncation is performed, can be evaluated only for exactly solvable models. The most known solvable microscopic models are those of Moszkowski [12] , Lipkin-Meshkov [13] and one level pairing Hamiltonian [14] . Applying for example, one of the above mentioned approaches to a solvable model and comparing the results with the corresponding exact output one may conclude upon the validity of the procedure adopted.
It should be stressed the fact that using a realistic Hamiltonian instead of a solvable one, one expects that many of the features are at least qualitatively preserved.
It is worth mentioning that for phenomenological boson models including high anharmonicities exact results are lacking. In a previous publication we studied three fourth order boson Hamiltonians which are exactly solvable [15] . For two of them we analyzed the possibility of classifying the states describing the intrinsic degrees of freedom in rotational bands.
In the present paper we continue the project started in our previous paper and study semiclassically a sixth order boson Hamiltonian which is exactly solvable. Results for the exact trajectories, their periods and quantization are presented in an analytical form. Interesting results for the transmission probability through a barrier are obtained within the WKB approach.
The formalism and final results are presented according to the following plan. In Section II, a sextic boson Hamiltonian is chosen. This is treated within a time dependent variational principle approach in Section III. The quantization of one periodic coordinate and the semiclassical spectrum is given for several distinct energy regions in Section IV. The main results and final conclusions are collected in Section V.
II. THE MODEL SEXTIC BOSON HAMILTONIAN
In the present paper we shall treat semi-classically a sixth order quadrupole boson Hamiltonian
where
Writing the high order boson terms, involved in H, in a normal order it results that the model Hamiltonian does not commute with the boson number operator
In what follows we are interested in solving the time dependent variational principle (TDVP)
When the variational state |Ψ spans the whole space of the boson states, solving the equation (2.4) is equivalent to solving the time dependent equation associated to the model Hamiltonian H. The classical features encountered by H can be described by restricting the space of |Ψ to the coherent states:
Here the boson vacuum state is denoted by |0 . The function |Ψ depends on the complex parameters z 0 , z 2 and their complex conjugates z * 0 , z * 2 . These parameters play the role of classical phase space coordinates whose equations of motion are provided by the TDVP equations.
It is convenient to have the classical equations of motion in a canonical form. In order to touch this goal we perform the following change of variables
Up to an additive constant,
A 6 , the classical energy function, defined as the average value of the model Hamiltonian on the coherent state |Ψ , has the expression:
where the following notations have been used:
The nice feature of the classical energy function H consists of the fact that it does not contain powers of momenta higher than two, although we started with a high order boson
Hamiltonian.
It is worth mentioning that similar time dependent approaches are also used for treating many body systems, when for example a Hartree Fock or an RPA approximation [16, 17] The objective of the next section is to study the classical motion of the system associated to the classical energy function H.
III. THE CLASSICAL DESCRIPTION
The classical energy expressed in terms of the polar coordinates (r, θ) associated to the plane (q 1 , q 2 ), looks like:
where V (r) is the potential energy which contains in addition to the potential used in the previous publication, a sextic term:
For r > 0, depending on the coefficients involved, the potential energy function exhibits either two or no extreme points. In the first situation the ordering of the maximum and minimum points is decided by the relative signs of the defining coefficients A, D and F. Here we study the case A > 0, D < 0, F > 0 which defines a potential having first a maximum and then a minimum. The other ordering situation will be considered in a subsequent work.
Throughout this paper the applications are made with the following values:
There are two constants of the motion, the energy: 4) and the third component of the angular momentum,
For the sake of completeness we give also the expressions of the other two components of angular momentum
These components generate a classical SU c (2) algebra with the multiplication operation: A ′ plays the role of the mass , m 0 , of a classical non-relativistic particle moving in a central force field. Also we note that when the sixth power term in r is missing one obtains the classical energy function used in our previous publication [15] . Moreover the classical energy may be viewed as a counterpart of a microscopic Hamiltonian including a two body monopole-monopole interaction. In that case the coordinate r signifies the classical image of a collective microscopic coordinate [18] .
Eliminating the angular variable in Eq.(3.1) one obtains:
where V ef f (r) is the effective potential energy given by:
Since L 3 is the third component of the intrinsic angular momentum, this is the classical counterpart of the K quantum number of the liquid drop model. Having this feature in mind we quantize it by the restriction
Replacing L 3 by its quantized expression, the effective potential becomes: 
For any L < 59 there are three energy domains defined as follows (see figure 1 for the case L = 25):
The labels for the three intervals will be hereafter abbreviated by U, B and O respectively whenever one wants to mention the fact that a given observable characterizes a certain energy region. The system motion is allowed only for the values of "x" where the polynomial P acquires positive values. Such allowed intervals are depicted separately for each of the energy regions U,B and O.
A. Results for an "U" energy
In the energy interval U, the motion is possible only in the right well (see Fig. 1 ). Indeed, inside U, the equation
has two real 17) and two complex conjugate solutions:
It is conspicuous now that
For what follows it is useful to introduce the equation
whose solutions are conventionally denoted by λ 1,2 (E, L) (λ 2 > λ 1 ). We notice that the first equation ( For r, the period of the motion, T U (E, L), i.e. twice the time elapsed between two successive passages through the turning points situated at r min = b(E, L) and r max = a(E, L), is given by the equation [19, 20, 21 ]
with a, b and ρ depending on the energy E and the quantum number L as shown in Eqs.
(3.19) and (3.20). 2 F 1 (a, b; c; z) is the Gauss hypergeometric function and
The classical action corresponding to the degree of freedom r, written in units of 2π is given by the following integral:
Results for a "B" energy
Similarly, in the case B, the zeros of the polynomial P 4 (x; E, L), are positive numbers denoted by
24)
and ordered as follows
The solution for t as a function of r is given in Appendix A. The periods in both wells, left and right, are equal to each other. Indeed, one can prove that the two periods have a common expression:
Since the hypergeometric function has a simple pole in k = 1 the period of the motion diverges when the energy approaches V ef f max (L) from below. If we calculate the period for
, the same divergence is obtained.
For the left well, the integral action given in units of 2π is equal to that formulated for the right well but restricted to the corresponding energy interval:
The action for a trajectory of energy E lying in the right well consists of two terms:
is an integer number, namely
Thus , the final expression for the integral action for a trajectory from the right well is
C. Results for an "O" energy
The case c) called "OVER" is similar to the case " UNDER". The only change to be done in the formulae pertaining to case U is the mere replacement
by the conventional designations of the zeros of the polynomial P 4 . Thus, the roots of Correspondingly, we denote by λ 1,2 (E, L) (λ 2 > λ 1 ) the solutions of the equation and r max = a(E, L), is given by the equation
. The integral action for the case O is:
(3.36)
D. The virtual motion under the hump
The region shown in Fig.1 under the hump is forbidden for the classical motion of r.
Indeed, there the energy is smaller than V ef f which results in having a negative kinetic energy as required by Eq.(3.8). Note that for this situation, the integral (3.12) provides imaginary values for time, i.e, τ = it. It is interesting to notice that by changing the time variable t by −iτ the resulting equation can be again integrated since the corresponding effective potential is now −V ef f while the energy becomes -E. Trajectories in the well −V ef f are conventionally called virtual. They are periodic curves in the new variable τ . Moreover this period may be connected with the tunneling time through the hump, for the associated quantum system [18, 22, 23] .
The period of the motion in the well −V ef f (L; r), or in the hump of V ef f (L; r), is given
The integral action for the inverse of the hump potential is obtained in an analogous way with the procedure described before. The final result is: than spends a large interval of time to reach the value √ x 3 and to depart from it . Finally r is coming quickly back to the value √ x 4 . The angle θ undertakes a jump of 2.5 rad before ending a period of motion. As for the right well the r curve corresponding to E close to V ef f max is different from the one commented above. Indeed, Fig. 2 shows that r stays longer close to the value √ x 2 and a very short time in the neighborhood of √ x 1 . On the other hand, θ changes the speed around the half of period which is at variance with the behavior of the trajectory from the left well.
From Fig. 2 we see that after an interval of two periods of r, 2T, the variable θ covers about 11 rad in the left well and only 5 rad in the right well. This suggests that the trajectory r = r(θ) is not closed. The two trajectories, lying in the left and right well respectively, correspond to E= 6.984326 MeV and are presented in Fig. 3 . As shown there, the inner and outer trajectories are almost tangent to each other. When the energy value is far from V ef f,max there is an unreachable region, due to the bump. The periods of trajectories lying close to the maximum value of V ef f are much larger than those staying far from the top of the hump. As a matter of fact, the period of r has a discontinuity for E=V ef f max , which is pictorially shown in Fig. 4 . Such a discontinue behavior suggests that V ef f max is a critical point of a phase transition. In one phase, for a given energy, the system may follow one of two r trajectories of equal periods, depending on the initial conditions, while in the second phase only one trajectory is possible.
IV. THE QUANTIZATION OF THE PERIODIC TRAJECTORIES
We note that the classical Hamiltonian given by Eq. (3.1) does not depend on the angle θ but only on its conjugate momentum. Consequently there is a constant of motion L 3 which is discretetized by the constraint (3.10) which in fact is a way of quantizing it. The remaining variable r and its conjugate momentum p r are both involved in the classical
Hamiltonian. Moreover, as we have seen in the previous Section, r performs a periodical motion. Consequently, its motion can be quantized by a constraint for the classical action similar to the Bohr-Sommerfeld condition. This condition will be applied separately for each region specified in Fig.1 . Thus, in the energy region called "UNDER", the quantization equation
gives the energy levels E under (L, n 1 ) situated in the right well below V ef f min 1 (L). It is remarkable that the above equation is satisfied by
This equation says that V ef f min 1 (L) is a quantal level in both left and right wells. Moreover, below this energy, in the right well there are another L levels. The quantization condition in the left and right wells of the region "BETWEEN", reads
These equations determine the same energy levels in both wells
where n 1 = n 2 + L. The spectrum in the region "OVER" is obtained by solving the equation provided by the quantization condition
The virtual quantum states lying in the potential -V ef f are obtained from
Having the integral action for the forbidden energy region, one can calculate the transmission coefficient through the potential barrier. Indeed, according to the WKB approximation, the transmission coefficient through the hump is given by the equation: This is caused by the fact that the secondary minima of V ef f are very close to each other, which is consistent with the known fact that superdeformed nuclei exhibit larger moments of inertia. Another difference between the two sets of bands consists of that while in the left well the n = 2 band is lower in energy than the n = 1 band in the right well the ordering of the two bands is opposite.
In contradistinction to what happens for real trajectories, the integral action for the virtual states, is a decreasing function of energy. Also, the number of states from −V ef f is a decreasing function of angular momentum (see Fig. 9 ).
Energy levels for the virtual states do not coincide with energy levels corresponding to real states of left and right well. The differences in energy and the period of virtual states satisfy the uncertainty relations.
Let us consider the transmission coefficients corresponding to the virtual state of highest 
V. COMPARISON WITH THE PREVIOUS WORK.
Although the present and previous work [15] use the same formalism to treat two distinct Hamiltonians, the results are both technically and physically different from each other.
Thus, the fourth order boson Hamiltonian used in Ref. [15] As a matter of fact this reflects the influence of the deformation on trajectories. In this context one may say that in ref. [15] only moderately deformed trajectories show up which results in having in the plot corresponding to Fig. 3 only the inner curves. Thus, the superdeformed trajectories are specific to the present formalism. The absence of periodic orbits for E > V ef f max has as consequence the fact that in a plot similar to that from Fig.   4 , the descending branch does not exist.
Since for the chosen parameters the energy levels are almost equidistant one may expand the effective potentials around the minima and keep only the quadratic terms. The frequencies characterizing the harmonic motion in the two resulting wells have the expressions:
where r 0,1 and r 0,2 denote the coordinates of the first and second minimum, respectively.
Note that for k=1, the influence of the sixth order boson term is the r 5 0,1 term in the above expression while the k = 2 case exists only if the sixth order term is included. For the two wells one may define rotational bands in a similar way as in the framework of the liquid drop model.
It is worth mentioning that the first equation (5.2) with k=1 represents a generalization of the variable moment inertia formula [24, 25] . When V ef f is truncated to the quadratic term, the equation expressing the energy in terms of angular momentum derived in Ref. [25] is obtained. The peculiar feature of the model Hamiltonian studied so far consists of that it contains only a quadratic dependence on momenta which is consistent with the classical image where the kinetic energy involves only such type of terms. Moreover, six is the maximal order of boson terms which can be analytically treated. From this point of view the present treatment cannot be improved by adding higher order terms.
Formalisms dealing with anharmonic boson terms use Hamiltonians having, however, powers of momenta higher than two. Two examples of this type have been considered in Ref. [15] . Despite their complex structure, the chosen boson Hamiltonians were exactly solvable, producing finite formulae for energy as function of various quantum numbers. For the sake of saving the space here we consider only one of the two Hamiltonians mentioned above, corrected with a sixth order boson term:
HereN denotes the quadrupole boson number operator (2.3). Using the same notations as in Ref. [15] , the average of H 2 on |Ψ (2.5) has the expression:
As shown in Ref. [15] , L 2 and L 3 are constants of motion. Taking the two constants equal to 2 L(L + 1) and M respectively, the energy becomes a function of the quantum numbers L and M:
This energy is associated to the motion of the intrinsic degrees of freedom. Supposing that these degrees of freedom are only weakly coupled to the Euler angles, then the total energy may be written as:
where J denotes the angular momentum in the laboratory frame. On the other hand, the ground state energies can be obtained by averaging H on the states {|NvαJM } with
. The same energies are obtained if in Eq. (5.5) one substitutes:
Thus, energies of the ground band are given by the following equation:
The three parameters formula is expected to describe a larger number of experimental ground band energies than the two parameter formula from Ref. [15] . To give an example we present, in Table 1 , the results of a least square fit of the ground band energies for 232 Th. From Table   1 one notices that the results provided by Eq.(5.8) are in much better agreement with the experimental data than those of Ref. [15] .
Alternatively, the quantal energy for the intrinsic motion can be obtained by quantizing the anharmonic plane oscillator and the third component of angular momentum. In this case the result is: Neglecting the zero point energy terms and taking M = L(L + 1) one obtains: 
VI. SUMMARY AND CONCLUSIONS
In the previous sections a sixth order boson Hamiltonian was semi-classically studied. Also the following intervals for r are needed 
